We find the free energy of the string by applying the known Matsubara formalism. Then through the Casimir effect we offer a temperature correction to the tachyon mass of the string. We see that for the fermionic part the temperature correction is precisely the opposite of that of bosonic part, so the quantum ground state of the superstring would remain massless, as expected.
Introduction
The zero-and nonzero-temperature Casimir effect has been studied theoretically and experimentally for many different systems (see for example [1, 2, 3, 4, 5, 6] ). As we know the Casimir energy is actually the renormalized (quantum) vacuum energy of a system having physical boundaries. Here we want to study the nonzero-temperature vacuum for the string theory. Applying the Matsubara formalism, we find the free energy of the string as a summation over the free energies of independent oscillatory modes of the string transverse coordinates. We see that the free energy of the string can be interpreted as the nonzerotemperature vacuum energy of the string. As we know the tachyon comes from the quantum vacuum state of the string. So through the Casimir effect, we will offer a relation for the temperature correction to the tachyon mass. In section 2 we study the vacuum state of the bosonic as well as fermionic string at nonzero temperature by finding the free energy of the string. In section 3 we analyze the tachyon in the framework of the Casimir effect, and find a temperature correction to tachyon mass.
2 Nonzero-temperature vacuum energy of the string
Bosonic string
The string sigma model action with flat world-sheet metric and for the light-cone gauge, can be written as
in which α ′ is the Regge slope parameter, σ and τ are coordinates of the world-sheet, and X I are the transverse coordinates of the space. By implementing a Wick rotation for the coordinate τ , the Euclidean action of the string would be obtained as
Now through the Matsubara formalism one can write the coordinate modes (of an open string with Neumann boundary condition) as
in which b I are the operators of bosonic oscillators, ξ j are the Matsubara frequencies, and "T " is the temperature parameter of the string. So using the functional integral representation, the partition function would be obtained as
in which d is the dimension of the space. Therefore the free energy is obtained as
One can simplify the above expression as a sum of two terms: temperature-dependent and temperature-independent part (see for example chapter 5 of Ref. [1] ). Then the free energy of the open bosonic string (denoted as OB) takes the form
The above calculation has a simple physical explanation. As we know, the transverse coordinates X I can be written as a superposition of independent harmonic oscillatory modes (see Eq. (3)). For a harmonic oscillator of temperature T , the partition function is well known:
in which ω n is frequency of the oscillator. If we similarly assign a partition function to each oscillator mode of the transverse coordinate, the free energy of the fields X I can then be obtained just by summing over the free energies of these independent oscillatory modes. Now, for the harmonic oscillatory modes of the open bosonic string we have ω n = n, so the free energy for each transverse direction of an oscillator mode takes the form
Therefore the total free energy of the transverse coordinate fields of the open bosonic string is obtained as
that equals just to the free energy (6) obtained through the Matsubara formalism. The series in the first term of the free energy (6), can be regularized simply by applying the known Riemann zeta function ζ R so that
Hence the free energy of the open bosonic string is obtained as
Note that at T = 0 the logarithmic term of the above free energy would be zero, so the first term (i.e. the temperature-independent term) is actually the zero-temperature part of the free energy
But as we know, by summing over zero-point energy of transverse oscillatory modes, we find just the vacuum state energy of the string:
that is just equal to the zero-temperature free energy (10). This equivalence has a meaningful interpretation through the Casimir effect. In fact in the framework of the Casimir effect the free energy of a system (in the presence of physical boundaries) is taken as its nonzero-temperature Casimir energy (see e.g. the section 5 of [2] or the chapter 5 of [1] ).
Recall that the Casimir energy is actually the renormalized vacuum energy of the system. For example for conducting planes the temperature-dependent part of the vacuum energy gives an observable temperature correction to the Casimir force on planes [3, 4, 5, 6] . Here similarly we could take the free energy (9) as the nonzero-temperature vacuum energy of the open string:
As we see in section 3 the temperature-dependent part of the above vacuum energy can be interpreted as a temperature correction to the tachyon mass. At high temperature using the known Abel-Plana formula [7] we find
On the other hand, at low temperature one can approximate the series in Eq. (9) with its first term
So the high-and low-temperature vacuum energy of the open bosonic string can be written as
Corresponding results for the closed string can be similarly obtained by taking ω n = 2n in Eqs. (7) and (11), and so on. So we find
and so
Note that the low-as well as high-temperature free energy of the bosonic string has a negative value.
Fermionic string
The Euclidean action of the fermionic string can be written as
in which ψ 1,2 are the components of the spinor ψ. Then the partition function would be given as
For an open fermionic string with Ramond boundary condition, the spinor fields are given as
in which Z denotes the set of integers, and f I n are operators of fermionic oscillators. Therefore after some calculations the free energy of the open fermionic string would be obtained as
Similarly as for the bosonic string, the above free energy can also be obtained by summing over the free energies of all fermionic oscillatory modes of the string, if we regard each oscillator mode of the fermionic string as a fermionic oscillator with frequency ω n = n.
Recall that the free energy of a fermionic oscillator with frequency ω n is given as
The first term of the free energy (21) can be regularized using Riemann zeta function, so
But the vacuum state energy of the open fermionic string is simply given as
where the minus sign of the zero-point energy (in the first line) is from the anti-commutative feature of operators of the fermionic oscillator. So the nonzero-temperature vacuum energy of the open fermionic string can be written as
and the low-and high-temperature limits can be obtained as
Similar results for the closed fermionic string can be obtained taking ω n = 2n in Eq. (22) and so on.
A temperature correction to the tachyon mass
As we know the quantum mass formula of the open string is given as
in which N is the number operator, and a is the ordering constant. Taking N = 0 one finds the mass formula of the open string tachyon
As we know, the constant a is obtained as the summation over the zero-point energy of transverse oscillatory modes, i.e. just the vacuum state energy of the string:
So we can write
But as we previously realized, E is actually the zero-temperature vacuum energy of the string see Eqs (12) and (25) . So Eq. (30) is actually the zero-temperature mass formula of open string tachyon. Therefore we can generalize the mass formula of the open string tachyon to the nonzero temperature as
So using Eq. (12), (25) and (31) we can take the nonzero-temperature mass formula of the open bosonic and fermionic tachyon as
in which by using Eqs. (11), (24) and (30) we have
Note that for bosonic as well as fermionic string at T = 0 we obviously have m 2 (0) = m 2 , hence the temperature-dependent terms of the mass formulas (32) can be considered as temperature corrections to the tachyon mass of the bosonic and fermionic strings. The high-and low-temperature limits of the mass formulas (32) can be simply obtained using Eqs. 
As is seen the high-temperature correction to the tachyon of the bosonic string, contrary to that of fermionic string, has a negative value.
Eventually for an open superstring we find 
where we have used Eqs (11), (12), (24) and (25). As we see from the above equation, the quantum ground state of the superstring at nonzero (as well as zero) temperature is massless, as expected. This is due to the relative minus sign between the vacuum energy of the fermionic and bosonic parts at any temperature. Similar results can be obtained for the closed string using its tachyon mass formula
and so on.
